We investigate the Galois module structure of wildly ramified extensions. We are interested in particular in the second invariant of an extension of number fields defined by Chinburg via the canonical class of the extension and lying in the locally free class group. We show that in Queyrut's S-class group, where S is a (finite) set of primes, the image of Chinburg's invariant equals the stable isomorphism class of the ring of integers and thus extend Chinburg's result for tame extensions.
W NÂ K when NÂK is at most tamely ramified. When NÂK is wildly ramified, the integers O N fail to be a locally free ZG-module. However W NÂ K is defined for wild extensions. Chinburg [4, 5] asked whether 0(NÂK, 2)=W NÂK for arbitrary extensions. In support of this, Kim [9] has shown that for certain wildly ramified extensions of Q where the Galois group is the quaternion group of order 8, one has 0(NÂQ, 2)=W NÂ Q .
There is a natural Cartan homomorphism Cl (ZG) Ä Cl S (ZG) arising from the fact that locally free ZG-modules are projective. Via this homomorphism we will view W NÂ K also as an element of Cl S (ZG). In [11] and [3] the following is proved about the stable isomorphism class of O N in Cl S (ZG). (a) when all of the decomposition groups are abelian;
(b) when G is a dihedral (resp. quaternion) group of order 2m (resp. 4m) where m is odd; (c) when G is a dihedral or quaternion group and 2 # S;
(d) when the order of G is cube-free; (e) when G is the semidirect product of a distinguished cyclic subgroup A of order m and an abelian subgroup whose order is prime to m and which operates faithfully on A.
As a corollary of Theorem 1 we get 0(NÂK, 2)=W NÂK in Cl S (ZG) in the cases in Theorem 2. Queyrut and Cassou-NogueÁ s further conjecture that for all NÂ K, In section 1 we review the definition of 0(NÂK, 2). In Section 2 we study Cl S (ZG) and develop some homological algebra underlying our arguments in Section 3. In Section 3 we prove our main result.
We deeply appreciate the kind encouragement and suggestions of Prof. Ted Chinburg during the course of this research. This research was supported in part by an IBM fellowship.
Since this paper was was circulated as a preprint in 1990, D. Holland and S. M. J. Wilson have also pursued the idea of studying the image of 0(NÂK, 2) in weaker Grothendieck groups than Cl (ZG). Their results will appear in [8] .
Chinburg's Invariant
We will write N v for the completion of N at a place v. As usual O v will stand for the ring of integers of N v and U v for the group of units in O v . We will denote the decomposition group of v by G v .
Let S be a finite set of places of N satisfying the following conditions:
(a) S is G-stable, (b) S contains the set S of infinite places of N.
(c) S contains the places of N which are ramified over K and at least one finite place of N, and (d) the S-class number of each subextension of NÂK is one.
Let U S be the S-units in N, S f be the finite places in S and S f, 0 be a set of representatives of the G-orbits in S f . Let Y S be the free abelian group generated by the places in S with G-action induced by the Galois action on S. Define
There is an isomorphism between the cohomology of the S-ideÁ les J S and the finitely generated module J S, f . There exists a four-term exact sequence whose middle terms are finitely generated and of finite projective dimension which represents a canonical class : in Ext
The class : is built up from the local canonical classes : v # Ext
. Let K 0 (ZG) be the Grothendieck group of finitely generated locally free ZG-modules. Let (M) denote the class of the module M in K 0 (ZG). The map which associates to each projective module its rank extends by linearity to K 0 (ZG). The locally free class group Cl (ZG) is the subgroup of elements of K 0 (ZG) which have rank 0. Definition 1.5. For A and B as in (1.4), let r=rank((A))&rank((B)). Define
Chinburg [4] showed that 0(NÂK, 2) does not depend on the choices made in the definition and is thus an invariant of NÂK.
The basic strategy for analyzing 0(NÂK, 2) has so far been to embed an additive module (e.g. O N ) in J S, f and to compute the difference between it and the local multiplicative structure (cf. Lemmas 3.3 and 3.7).
Exact Sequences and S-Projective Modules
We first work in a general setting. Let R be a Dedekind domain and F its quotient field. Let A be a finite dimensional F algebra and D an R-order in A. Finally let S be a set of prime ideals of R. We denote by M D the category of finitely generated D-modules without R-torsion. A subscript p will denote the local completion at the prime ideal p. Unless otherwise stated, all modules in this section will be assumed to be finitely generated over their given ring. Lemma 2.2. Suppose there is a resolution of length n of a module M by S-projective modules. If
is another resolution with P i being S-projective, then N is S-projective.
Proof. Let p be a prime not in S. The completion M p has a projective D p -resolution of length n. Since the P i, p are projective, one concludes that N p is too by [1, p. 110] . Since P n&1 is R-torsion free, it follows that N is S-projective. K Definition 2.3. If P * is a bounded complex
of S-projective modules, then the class Proof. By Lemma 2.2, it is clear that P S D is a K-family for M D in the sense of [10] . The proposition is the same as Theorem 3.5, Ch. IV in [10] . K Definition 2.5. We will say that a module M has finite S-projective dimension if there exists a finite S-projective resolution of M. In this case we see that M defines a class in K S 0 (D) which we will denote (M). Proposition 2.6. Let the following be an exact sequence of modules: Lemma 2.8. Let P * be an n-extension of a module L by a module M with middle terms P i of finite S-projective dimension: Proof. Let P$ * be another n-extension with class ;. First construct an S-projective resolution (Q * , ) of L such that when we lift the identity map of along P * and P$ * , the maps from Q i to P i (resp. P$ i ) are surjective. This is possible (cf. [10, Ch. IV, the proof of Thm. 3.5]). We get maps f: Q n Ä M and f$: Q n Ä M respectively which represent ;. By [18] we can assume f=f $. Let Q n&1 =Q n&1 Â (ker f ) and Q i =Q i for i<n&1. The n-extension Q * of L by M has class ;. From Lemmas 2.2 and 2.6, one concludes that Q n&1 has finite S-projective dimension. One then calculates as in [18] that
Proof of Main Theorem
Recall that G is the Galois group of NÂ K and S contains the set of rational primes above which there is wild ramification. The key to Theorem 1 is the following lemma. It will allow us to reduce the proof to the tame case.
Lemma 3.1. Suppose we have an exact sequence of finite groups:
If S contains all of the primes dividing the order of H, then the inflation of every finitely generated S-projective ZQ-module is an S-projective ZG-module.
Proof. Let P be a S-projective Q-module. There is a Q-module X such that P p Ä X p is a free module of some rank n for all p Â S. Let h denote the order of H. Define e H =(1Âh) ' # H '. If Y=ZG } (1&e H ), then PÄ XÄ Y n is a locally free G-module at each prime p not in S. Therefore P is S-projective. K 
v . By the choice of F in Lemma 1.1, the closure 1+F is in J (1) .
Lemma 3.3. The module J (1) Â1+F has finite S-projective dimension and in Cl S (ZG)
Proof. First multiplying m by an S-unit in O K close enough to zero at each place in S and multiplying F by its square if necessary, we have 1+m
, we obtain the equation
O N has finite S-projective dimension. We need to analyze the last term: 
. First we will calculate the rightmost term: Let w be the place of K lying under v and k + w be the additive group of the residue field of K w . Define I v to be the inertia group of v. The module [17] . By Corollary 3.2, we have (k
. Therefore, using (3.5) and (3.6), we get that
in K S 0 (ZG). This and (3.4) establish the lemma.
. The quotient map induces a homomorphism
For the next lemma, recall that the local canonical class : v lies in Ext
Lemma 3.7. There exist two finitely generated modules, A v and B v , of finite S-projective dimension and an exact sequence
Proof. Chinburg [4] has proved this in the case when v is at most tamely ramified. We use Lemma 3.1 to reduce the proof in the wild case to the tame case.
To make the notation more readable, we will write
where G is a group and M is a ZG-module. We emphasize that we think of an element ; # H 2 (G, M) as the class of a 2-extension of Z by M. 
v ) be the map induced by the quotient map. We get this following commutative diagram which we explain below: 
nrv to the p n -th power is a group homomorphism commuting with F implies that the vertical homomorphisms make the diagram commute.
Since N t v ÂK w is tame, we know by [4] that there is an exact sequence of finitely generated S-projective ZG In the above argument, we have not needed a detailed analysis of the Galois module structure at the wild places. One may be able to obtain a sharper result in a stronger Grothendieck group with such an analysis.
